Flatbands with extremely narrow bandwidths on the order of a few milli-electron volts can appear in twisted multilayer graphene systems for appropriate system parameters. Here we investigate the electronic structure of a twisted bi-bilayer graphene to find the parameter space where flatbands can emerge as a function of twist angle, vertical pressure, and interlayer potential differences. We find that in twisted bi-bilayer graphene the bandwidth is generally flatter than in twisted bilayer graphene by roughly up to a factor of two in the same parameter space of twist angle θ and interlayer coupling ω, making it in principle simpler to tailor narrow bandwidth flatbands. Application of vertical pressure can enhance the first magic angle at θ ∼ 1.05 • to larger values of up to θ ∼ 1.5 • when P ∼ 2 GPa, with the magic twist angle θ ∝ ω/υ F being directly proportional to interlayer coupling and inversely proportional to the Fermi velocity of graphene. We find that moderate vertical electric fields contribute in lifting the degeneracy of the low energy flatbands by enhancing the gap near the primary Dirac point and the gap with the higher energy bands.
I. INTRODUCTION
Research on twisted hybrid van der Waals 2D materials has seen recently a new surge of interest following experimental observations of exotic quantum phases due to strong electron correlations [1, 2] and especially signatures of unconventional superconductivity [3] [4] [5] in twisted bilayer graphene (tBG), raising hopes of finding new clues for understanding analogous behaviors seen in more complex systems [6] . In tBG the spatial variation of interlayer coupling modifies the intrinsic Dirac cone band structure of graphene in such a way that the band dispersion is almost completely suppressed at the so called magic twist angles [7] . When the bandwidth W of these low energy bands is sufficiently narrow it is possible to achieve the U/W 1 condition that makes the effective Coulomb repulsion U more dominant. A considerable body of literature has formed recently on the Coulomb interaction driven broken symmetry phases [8] [9] [10] [11] and superconductivity in tBG flatbands in an effort to elucidate the nature of the superconducting phases [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Analogous observations of Coulomb interaction driven correlated phases and superconductivity have been observed in ABC trilayer graphene (TG) on hexagonal boron nitride (hBN) [29, 30] where the flattening of the low energy bands is facilitated by the presence of a vertical electric field that introduces a band gap at the primary Dirac point of a chiral 2DEG. It was suggested that the low energy flatbands [43] could have well defined valley Chern numbers and give rise to spontaneous quantum Hall phases when the band degeneracy is lifted by Coulomb interactions [31, 32] . The proposals of flatbands in several types of multilayer graphene materials is suggesting that they can arise in a large variety of 2D material combinations provided that we choose the appropriate intrinsic electronic structure of each layer and their interlayer coupling [31] . In this work we study the flatband bandwidth phase diagram of twisted BG/BG system, that we refer to as twisted bi-bilayer graphene (tBBG) or twisted double bilayer graphene, which consists of two bilayer graphene units with a twist as shown in Fig. 1 . We assess for this system the effect of the interlayer coupling strength and the interlayer potential differences between the layers in the resulting bandwidth of the low energy flatbands. It is expected that the smaller parabolic band dispersion slopes at low energy in a BG can favor the formation of flatbands upon interlayer hybridization. This manuscript is structured as follows. In Sec. II we introduce the theoretical details of the continuum model Hamiltonian used to formulate the problem. In Sec. III we present the phase diagram of the flatband bandwidth as a function of different system parameters, such as the twist angle, the interlayer coupling strength, and the interlayer potential differences that can account for the effects of a vertical electric field. We then close the paper in Sec. IV with the summary and conclusions.
II. MODEL HAMILTONIAN FOR TWISTED BI-BILAYER GRAPHENE
Models proposed in the literature to capture the electronic structure of tBG relied either on tight-binding calculations [33] [34] [35] ter approximation models for the hopping terms between interlayer carbon atoms, or by using other more sophisticated parametrizations [36] . The successful formulation of a rigorous moire bands theory on the basis of the moire pattern superlattice [7] allows to obtain accurate continuum models for the Hamiltonian informed from first principles calculations [37] . In the present work we make use of a simplified continuum model for the bands built by extending the Bistritzer-MacDonald model for the tBG [7] . The Hamiltonian of tBBG at valley K that we use captures the interlayer coupling between the twisted layers through a first harmonic stacking-dependent interlayer tunneling function and we neglect the intralayer potential variations between the contacting graphene layers. A schematic representation of its commensurate unit cell for zero twist angle BG/BG structure is shown in Fig. 1 . We write the Hamiltonian of twisted top (+) and bottom (−) bilayer graphene Hamiltonian subject to ∆ i intralayer potentials as
where h ± G = h G (±θ /2) such that the relative twist angle between the bilayers is θ . The top and bottom BG are labeled through the positive and negative rotation signs, and the site potentials for each layer are given by the parameter ∆ i where i = 1, 2, 3, 4 from top to bottom layers. These potentials can give rise to band gaps at the primary Dirac point of each BG and shift the band edges associated to each BG. We will discuss later on the effects of these intralayer potentials in the electronic structure of the flatbands. The Dirac Hamiltonian of graphene is given by h G (θ ) = υ FR−θ p · σ xy where we indicate the phase shift in the off-diagonal term in the Dirac Hamiltonian by a rotation θ throughR −θ such that e ±iθ p → e ±i(θ p −θ ) , where σ xy = (νσ x , σ y ) and σ z are the graphene sublattice pseudospin Pauli matrices, and the momentum is defined in the xy-plane p = (p x , p y ), where we defined the implicit valley index ν = ±1 to label the K and K valleys, assuming ν = 1 for K valley unless stated otherwise. The Fermi velocity υ F = √ 3 |t 0 | a/2h is related to the intralayer nearest neighbor hopping term t 0 = −2.6 eV within the local density approximation (LDA) [38] . We use the minimal interlayer coupling model of a bilayer graphene t G = t 1 (σ x − iσ y )/2, where we set t 1 = 3ω [37] . Even though here we rely on the minimal BG model further improvements can be made by using more accurate Hamiltonians that incorporate the trigonal warping and iii intrinsic electron-hole asymmetry [39] .
The moire Brillouin zone (mBZ) orientation is preserved when the top and bottom graphene layers rotate symmetrically in opposite senses. In the small angle approximation the interlayer coupling Hamiltonian is given by
where the three Q j vectors Q 0 = Kθ (0, −1) and Q ± = Kθ (± √ 3/2, 1/2) are proportional to twist angle θ and K = 4π/3a is the Brillouin zone corner length of graphene, whose lattice constant is a = 2.46Å. The interlayer coupling matrices between the two rotated adjacent layers are given by
The convention taken here for the T j matrices assume an initial AA stacking configuration τ = (0, 0) [37] and differs by a phase factor with respect to the initial AB stacking τ = (0, a/ √ 3) [7] . The greater interlayer separation of c ∼ 3.35Å compared to the carbon-carbon distances of a CC ∼ 1.42Å [7] lead to slowly varying interlayer tunneling function T (r) and the moire patterns can be accurately described within a first harmonic approximation. In this limit the interlayer coupling strength can be well approximated by a single parameter ω, with ω = ω, whose value was calculated within the local density approximation (LDA) to be ω ∼ 0.113 eV for a fixed interlayer distance c = 3.35Å for every stacking, and a somewhat weaker ω ∼ 0.1 eV when the interlayer separation distances are allowed to relax farther away from the lowest energy local AB or BA stacking configurations [37] . The effects of atomic relaxation in the moire patterns can have non-negligible effects in the details of the electronic structure that can be captured with higher order harmonics for both intralayer potentials and interlayer coupling [40] . An effective model that can empirically enhance the separation between the flatband and the higher energy bands consists in using two unequal interlayer coupling parameters ω and ω that distinguishes same and different sublattice tunneling [41] . The analysis of the bandwidths in this work are obtained from the single parameter interlayer coupling model of rigid twisted layers with ω = 0.1 eV, whereas the two parameter tunneling model with ω = 0.08 eV and ω = 0.1 eV is also used in the band structure calculations of Fig. 2 . Our calculations have used a cutoff in the momentum space of a radius equal to 6G 1 = 24πθ /( √ 3a) using Hamiltonian matrices with sizes of up to 676×676 such that θ ω/(12π |t 0 |) to obtain converged results in the limit of small θ and large ω.
The band structures resulting from our continnum model are shown in Fig. 2 for a twist angle of θ = 1.5 • , where we can still distinguish features of the original BG band structure at the Dirac cones, and the band structure near the magic angle θ = 1.05 • . One distinctive feature of tBBG with respect to tBG is that we have an additional control knob to change the electronic structure through the intralayer potential ∆ i values in Eq. 1. The potential drops introduced by an external electric field could be modeled through the parameter set ∆ 1 = −∆ 4 , ∆ 2 = −∆ 3 , redefined as ∆ 1 = (∆ + ∆ )/2, ∆ 2 = (−∆ + ∆ )/2 in terms of ∆, the interlayer potential difference within each BG, and ∆ the potential difference between the BG. A qualitatively different interlayer potential configuration consists in having the electric fields point in opposite directions at each BG whose potential distribution of this case can be modeled by
The reversal of the relative mass sign between top and bottom BG could impact the topology of the resulting flatbands. The band structures for additional sets of the intralayer BG gap ∆ and potential shifts ∆ near the first magic angle can be found in the supplemental material.
III. FLATBAND BANDWIDTHS AS A FUNCTION OF TWIST ANGLE AND PRESSURE
In the following we present the results of the moire flatband bandwidth in tBBG as a function of twist angle θ and the inter-layer coupling ω in search of the optimal conditions for finding low energy flatbands near the Fermi level. We will carry out the calculations also in the presence of interlayer potential differences modeled through ∆ . The first important observation is that the overall bandwidths of the flatbands in (4), where blue, white and pink lines corresponding to the first, second and third magic angles. The three slopes C 1 = 27.5, C 2 = 10.5 C 3 = 5.6 obtained from ∆ = ∆ = 0 are closely similar to the magic angle lines as a function of pressure calculated for tBG [42] .
tBBG are almost half of those corresponding to tBG for similar range of θ and ω parameter values suggesting that the tBBG system is generally more suitable for the generation of narrow bandwidth flatbands than tBG. This is shown in Fig. 3 where we represent the bandwidth as a function of twist angle θ for fixed values of interlayer coupling ω and as a function of ω for fixed θ values. From the bandwidth versus θ dependence we can observe that the bandwidths remain below 10 meV for every twist angle below the first magic angle. Likewise, the bounceoff of the bandwidth past the critical ω at the first magic angle have maxima values that are roughly half of those seen in tBG [42] .
The phase diagrams of the bandwidth versus θ and ω are shown as colormaps in Fig. 4 where we can compare the effects of interlayer potential differences modeled through ∆ and ∆ . The flatband bandwidths are defined as the difference between the maximum and minimum value within the isolated flatband in the mBZ. The phase diagrams map of the flatband bandwidth in tBBG qualitatively resemble those obtained for tBG, but with generally narrower bandwidths. We can similarly identify a magic angle line equation [42] 
whose coefficient values averaged for conduction and valence bands of C 1 = 27.5, C 2 = 10.5, and C 3 = 5.6 agree within 10% with the results obtained for tBG [42] . We estimate the effects of vertical pressure in the electronic structure of tBBG using the same polynomial relationship between the external pressure P and the interlayer coupling parameter ω that we have calculated for tBG [42] 
whose numerical parameters are A = 455.5 GPa/(eV) 2 , B = −71.05 GPa/eV, C = 3.281 GPa, and ω 0 = 0.098 eV is the tunneling for P = 0. The results shown for the conduction band are similar to the bandwidth maps of the valence band due to the rather small electron-hole asymmetry in our continuum model that stems from the additional phase terms in the intralayer Hamiltonian due to the rotations of BG. The corresponding figures for the valence bands are presented in the supplemental material. Two parameter sets are used to illustrate the case of gapped BG, in one case we used ∆ = 0.01 eV and ∆ = 0.01 for a system with an intrinsinc bandgap and a small potential shift between the neighboring BG by which the contacting twisted surface has the same potential. A second case with ∆ = 0.01 eV and ∆ = 2∆ introduces a larger shift between the BG potentials and can be viewed as an approximation that is closer to tBBG subject to a perpendicular external electric field. In this case we can observe that the increase of the intrinsic BG gaps has an effect in the reduction of the bandwidth but also introduces a separation between the low energy flatbands approximately proportionally to the interlayer potential difference between the top and bottom outer layers of tBBG which can facilitate the onset of Coulomb interaction driven instabilities when we tune the Fermi level.
IV. SUMMARY AND CONCLUSIONS
We have extended the Bistritzer-MacDonald continuum model of twisted bilayer graphene (tBG) to investigate the electronic structure of twisted bi-bilayer graphene (tBBG) as a function of twist angle θ , the pressure dependent inter-layer coupling strength ω, and interlayer potentials in each layer. The calculated bandwidth phase diagram for the low energy bands shows that the bandwiths are roughly a factor two narrower than those in twisted bilayer graphene (tBG) indicating that the tBBG should be more forgiving in the twist angle precision required to access the strongly interacting regime, and for this reason we expect that the narrow band features in tBBG will be observed more simply than in tBG. The greater v structural stiffness of BG should make tBBG less susceptible to strain induced disorder than in G/G, while on the contrary the decreased mobility could somewhat deteriorate device performance. The possibility of applying a perpendicular electric field is an interesting control knob that allows to enhance the separation between the flatbands and the also influences the gaps with the higher energy bands favoring a more effective band isolation. At the same time, we find that within our model the interlayer potential differences can widen the bandwidths near the first magic angle and smoothen the bandwidth variation for small twist angles to give a continuous range of magic angles where the bandwidths are narrow. The magic angles phase diagram for zero interlayer potential difference and small perturbations thereof is found to be closely similar to the case of tBG, maintaining the same linear dependence between θ and the interlayer coupling ω, and the inverse proportionality to the Fermi velocity of the graphene layers.
